Certain aspects of symplectic group representation theory are investigated. In particular, it is shown that every irreducible representation ofSp(n) admits a relatively large class of states, referred to herein as canonical states, which possess properties analogous to the GelfandTsetlin states appearing in the theory of the orthogonal and unitary groups. The properties of canonical states are investigated and some matrix element formulas are derived.
I. INTRODUCTION
The theory of Lie groups has now been established as an invaluable tool in physical applications. In particular, physicists are familiar with the well-known treatment of the quantum theory of angular momenta, where the group of interest is SU (2). The theory of angular momenta is of fundamental importance in atomic and nuclear physics, where it has been applied to the calculation of wavefunctions, energy levels, and transition probabilities.
Since the development of the angular momenta theory, principally by Racah and Wigner, it has become apparent that higher order Lie groups play an important role in physics. For example, the unitary group U (n) plays a fundamental role in the second quantized formulation of the quantum many-body problem and was made the cornerstone of Moshinsky's work on the nuclear shell model. I The orthogonal and symplectic groups also play an important role in physics, particularly in connection with parastatistics,2 wave equations, and for the classification of states in atomic and nuclear physics.
3 Lie groups also figure prominently in the classification of symmetries in elementary particle physics, which have been extensively studied since the early 1960's. More recently, the group theoretical methods of Moshinsky on the nuclear many-body problem have been extended 4 -6 to the many electron problems of atomic physics and quantum chemistry, allowing large-scale configuration interaction calculations to be performed 7 which would be interactable by other methods.
Therefore, it is not surprising that a great deal of interest has been generated in extending the Racah-Wigner theory of angular momenta to all the classical Lie groups. The first major step in this direction was made by Gelfand and Tsetlin (GT) ,8 who constructed a full set of basis vectors for the Lie groups U(n) and O(n) : The matrix elements of the (elementary) group generators in the GT basis were also obtained. This work was subsequently extended by Baird and Biedenharn, 9 who obtained the matrix elements of all U(n) generators in the GT basis. Moreover, the structure of the matrix elements (as a product of a reduced matrix element and a Wigner coefficient) was determined and hence the fundamental (i.e., vector) Wigner coefficients for U(n) were given for the first time. The evaluation of all multiplicity-free Wigner coefficients for U (n) was subsequently given by Biedenharn and Louck 10 and Baird and Giovannini. II Recently, an alternative algebraic approach to this problem was presented by Gould 12 and extended to the orthogonal groups 13 in order to yield a pattern calculus for the Lie groups U(n) and O(n) .
Although considerable progress has been made in the representation theory of the orthogonal and unitary groups, the symplectic groups, the remaining family of classical Lie groups, have received comparatively little attention. This is probably due to the fact that, unlike the Lie groups U (n) and O(n), there does not exist a canonical orthogonal basis for the irreducible representations ofSp (n) . The crucial property that makes the GT scheme work for U(n) is that in the reduction of an irreducible representation of U (n) into irreducible representations of U(n -1) all irreducible representations occur with unit multiplicity.9,14 This property is also shared by the orthogonal groups and one would ideally like to obtain a similar solution for the symplectic groups. Unfortunately, however, in the reduction of an irreducible representation of Sp (n) into irreducible representations of its subgroup Sp (n -2) X Sp (2) multiplicities generally occur l5 and extra invariants are required to completely specify the basis states (the symplectic group state labeling problem). In such a case there still remains the problem of obtaining the eigenvalues of these missing labeling invariants, which are known to be irrational in general, so that the action of the group generators in such a basis is likely to be complicated. In this respect the symplectic group state labeling problem may be regarded as the prototype of all state labeling problems in Lie group theory and applications.
Recently, Gould and Kalnins (G K) 16 obtained a new projection-based solution to the Sp (n) state labeling problem which yields a nonorthogonal G T -type basis for the irreducible representations. Although this solution offers several nice features, particularly the simple determination of the action of the group generators, the method involves the calculation of the relevant overlap coefficients, a problem which is currently unsolved. Nevertheless, the GK solution affords a useful tool, particularly for providing checks on our formalism, and will be applied throughout this paper. This is the first paper in a series of three in which we investigate certain aspects of symplectic group representation theory. We shall not discuss the labeling problem in this series of papers; instead, we focus attention on a relatively large class of states, herein referred to as canonical states, which possess properties analogous to the GT states appearing in the representation theory of the orthogonal and unitary groups. The space of canonical states of an irreducible representation includes all distinct weights of the representation (at least once) and, in particular, contains all states with weight Weyl group conjugate to the highest weight. The reduced matrix elements, fundamental Wigner coefficients, and matrix elements of all Sp ( n) generators are determined between arbitrary canonical states, thus completing the first step in a general (multiplicity-free) pattern calculus for the symplectic groups. Following the approach of Refs. 12 and 13 to the orthogonal and unitary groups, it is evident that our formalism may be extended to obtain all multiplicity-free (canonical) Wigner coefficients for Sp(n).
In this paper we introduce canonical basis states and investigate some of their basic properties. In particular, we determine some matrix element formulas for a certain class of canonical states, referred to herein as S dominant, based on the representation theory of the unitary group U(n). In the final two papers of the series we will determine the matrix elements of all Sp(n) generators between arbitrary canonical states. The evaluation of the corresponding reduced matrix elements and Wigner coefficients are also given and their generalized Weyl group symmetries are determined.
Other developments in connection with the symplectic groups have been made by Lohe and Hurst, 17 who have advocated the use of modified boson operators as a method of constructing basis states for the irreducible representations ofSp(n), in analogy with the boson polynomials used? in the theory ofU(n). Explicit matrix element formulas in certain degenerate representations ofSp(n) have recently been obtained by Klymik 18 and Wong and Yeh. 19 The method of raising and lowering operators to construct bases for the irreducible representations of Sp(n) has been advocated by Michelsson 20 and Bincer.21 The symplectic groups also figure prominently in Cartan's classification of homogeneous spaces, which afford certain degenerate representations of Sp(n), as studied by Pajas and Raczka. 22 A full set of missing labeling invariants for the symplectic group was recently constructed by Bincer.23 Finally, the Sp(n) tSp(n -2) XSp(2) branching rules were recently investigated by Cerkaski 24 based on the previous work of Zhelobenko. 15
II. PRELIMINARIES
We begin by introducing the symplectic group as a subgroup of the unitary group. The n 2 generators aij (1 <i,j<n) of the Lie group U(n) satisfy the commutation relations and are, moreover, required to satisfy the Hermiticity condition aij = aji on finite-dimensional (i.e., unitary) representations of the group. To define the symplectic subgroup Sp(n) we introduce an antisymmetric metric gij = -gji in terms of which our Sp(n) generators aij = a j ; are expressible (where summation over p is implied),
(1) and satisfy the commutation relations We also require the existence ofa corresponding contravariant metric i j satisfying (where the summation convention over repeated indices is implied) gijgjk = o~, which imposes the usual limitation to even values of n. (6) and the symmetry property (see Appendix A)
where i (the opposite index to i) is defined by -; {i -1, i even,
As a Cartan subalgebra for the Lie algebra of Sp(n = 2h + 2), we take the vector space spanned by the diagonal generators a;, l<i<n.
In view ofEq. (7) only h + 1 of these operators are linearly independent, so we only need consider the Cartan generators h; = a~;=: = -a~;, l<i<h + 1 whose eigenvalues provide a unique labeling for the system of weights. In view ofEq. (6), we note that the Cartan generators h; are to be represented by Hermitian matrices on finite-dimensional irreducible representations.
From the commutation relations (5) we deduce from which it follows that the generators (4) are automatically in Cartan form. If we introduce the fundamental weights 11, = (0,0, ... ,1,0, ... ,0), l<r<h + 1 consisting of 1 in the rth position and zeros elsewhere, it follows immediately from the above that the roots for the symplectic group Lie algebra are given by the weights
We take as a system of positive roots the weights 11; + I1 j (i<J), 11; -11) (kj).
The corresponding generators are given by
respectively, which constitute the set of raising generators. We draw particular attention to the elementary raising generators (9) Every symplectic group raising generator (8) may be obtained by repeated commutation with generators of the form (9) . By taking the Hermitian conjugate of Eqs. (8) and (9) we obtain the corresponding set of lowering operators. We shall be concerned in this paper with the subgroup imbedding Sp(n) :::) Sp(n -2) XSp(2), where our Sp(n -2) generators are given by aj (l<'i,j< .n -2) and our Sp(2) generators are given by r~ = at, l<.,u, v<.2, (10) where we have adopted the index convention it = n -2 +,u.
Throughout this paper we denote the weights for Sp(n) by the Greek letter A and the weights of the subgroup Sp(n -2) by the subscripted Greek letter ,10. We call an extended weight (,1,,10) E A + XAo+ lexicalif the finite-dimensional irreducible Sp(n -2) module V(Ao) is contained in the finite-dimensional irreducible Sp (n) module V(A). The set of lexical (extended) weights if C A + X Ao+ may clearly be deduced from the Sp(n):::) Sp(n -2) branching rules to which we now tum.
III. BRANCHING RULES AND THE GK BASIS
Following Zhelobenko, '5 the branching rules for the reduction Sp(n) ~Sp(n -2) may be obtained by associating with each Sp (n) weight A E A + the patterns
where ,ui' ,10, are integers satisfying the inequalities
The weights ,10 = (, 10", 10 2 , ••• , , 10'> occurring in Eq. (13) determine the highest weights of the irreducible Sp(n -2) modules which may occur in the irreducible Sp(n) module V(A). From the betweenness conditions (14) it thus follows that an extended weight (A,A.o) E A + X Ao+ is lexical if and only if the components of A and ,10 satisfy the inequalities Ah>Ao, >O. (15) The multiplicity with which the irreducible Lo module V(Ao) occurs in V(A) is then given by the number of tuples ( ,u" ... ,,uh + , ) of non-negative integers whose components satisfy Eq. (14) . For a given lexical weight (,1,,10) we see that the components,ui must satisfy the inequalities
Following Gould and Kalnins'6 let V(.:i) denote the finite-dimensional irreducible module over
with the highest weight A.2, ... ,A h +,,0, ... ,0) .
occurs in V(.:i) with unit multiplicity and hence may be op-
tained by central projection from V(A). To this end let II (A)
denote the set of all Sp(n) highest weights occurring in
where U 2 = aj a{ is the second-order invariant of Sp(n) and 26
is the eigenvalue of U2 in the irreducible module V( v). We have the following result. Lemma 1: The Casimir invariant U2 separates A from the weights in n (A) and, in particular,
Proof: Following Hammermesh,25 the highest weights of the irreducible Sp(n) modules occurring in V(A) are either equal to A or obtained from A via contraction. Thus the highest Sp (n) weights occurring in n (A) are of the form
where each mr is a non-negative integer (such that m I + m 2 + .. 'm h + 1 is an even positive integer). Thus for v as in Eq. (18) we have
. . .
/-lI2
which, for simplicity, we write in the form 
We denote the space spanned by all allowed U(n) GT states (19) 
by A(A).
From the U(n) GT betweenness conditions 9 the integers /-li,j and Ai,j in the pattern (19) must satisfy the inequalities
in agreement with the betweenness conditions ofEq. (14). We sometimes find it more convenient to write the allowed U(n) GT state (19) in dual-pattern notation:
where ( 
form a full set of linearly independent basis states for V(A) which is symmetry adapted to the subgroup chain
This is the state labeling scheme obtained by Gould and Kalnins. t6 We note that the states (21), although not an orthonormal set, are orthogonal w.r.t. their upper patterns.
The G K states (21) are weight states of weight
, where the components Vi are given by
This result is of importance since it allows us to obtain the branching rules for the reduction Sp(n)tSp(n -2) XSp(2). Associated with each lexical weight (A,A.o) E!/ and pattern (13) isanSp(n -2) maximal state of weight Ao whose corresponding Sp (2) weight (given by the eigenValue of the Cartan generator h h + I ) is determined by the integer
where we define
The multiplicity m(O) with which the Sp(2) weight 0 occurs is clearly given by the number ofh + 1 tuples (J.lI,J.l2" '" J.lh + I ) whose components are non-negative integers satisfying the inequalities (16) and Eq. (22). We note that for a given lexical weight (A,Ao) the maximum possible values for the integers J.lr satisfying the inequalities (16) are given by It follows that the maximum possible Sp(2) weight for a given Sp(n -2) weightAo E Ao+ occurring in V(A) is given by
J.l22
r= I which can be shown to be a non-negative integer.
It thus follows that the irreducible module over Sp(n -2) XSp(2) with the highest weight AoXO",,,,. occurs exactly once in the irreducible Sp( n) module V(A). The remaining possible Sp(n -2) XSp(2) highest weights occurring for a given lexical weight (A,A.o) E !/ are thus necessarily of the form AD X n, with
The multiplicity M(O) (possibly zero) with which the correspondingirreducibleSp(n -2) xSp(2) module occurs in V(A) is clearly given by
with m(O) as before. We note that the multiplicities m (O) and hence M(O) can be obtained directly from patterns (13).
Throughout this paper we denote the irreducible module over Sp(n -2) XSp(2) with the highest weight Ao
is uniquely determined as that submodule whose Sp(2) representation label takes the maximum possible value, given by Eq. (25), for given Sp (n) and Sp (n -2) representation labels A, A o , respectively.
IV. CANONICAL STATES AND SIGNATURES
Let ~ denote the centralizer of Sp(n -2) X Sp(2) in the universal enveloping algebra V ofSp(n), viz.,
We remark that Eq. (26) is the algebra from which "missing labeling invariants" may be chosen to resolve the multiplicities occurring in the reduction Sp(n)lSp(n -2) XSp(2) (the so-called symplectic group state labeling problem) which has been previously discussed by several authors. 23, 27 In view of the work of] oseph, 28 we note that the center of the algebra (26), viz.,
is given explicitly by
where Z (resp. Zo, ~) is the center of the enveloping algebra ofSp(n) [resp. Sp(n -2), Sp (2) 
We call the algebra homomorphism determined by Eq. (27) a generalized (or extended) infinitesimal character. This definition extends the definition of Harish-Chandra 29 for infinitesimal characters over the center Z of the universal enveloping algebra U of Sp(n) to infinitesimal characters over the centralizer C(f. It turns out that the form of the (polynomial) function (28) Definition I determines an equivalence relation on H*XHt and partitions H*XHt into 2h distinct equivalence classes, herein referred to as S classes. Throughout this paper we denote the set oflexical weights with signature s simply by 2" •.
Signatures playa fundamental role in the remaining two papers and are intimately connected with the (generalized) Weyl group symmetries of Sp(n): Sp(n -2) XSp(2) reduced Wigner coefficients and reduced matrix elements. 10, 12 We wish now to generalize the above procedure down the subgroup chain Sp(n) ::::> Sp(n -2) xSp(2) ::::> Sp(n -4) xSp (2) xSp (2) 
where G denotes the subgroup
The corresponding Sp(2) subgroups, denoted SPm (2) (1 <m<h + 1), have infinitesimal generators given by
We now consider states symmetry adapted to the subgroup chain (30), for which theSPm (2) algebras have representation labels which are maximal for given Sp(2m) and Sp(2m -2) representation labels (I<m<h + 1). Such states may be represented by a (A) pattern: We call lexical weights of maximal signature S dominant: They play an important role in the remaining two papers since such lexical weights have similar properties to lexical weights l2 for the normal canonical imbeddings U(n) ::) U(n -1), O(n) ::J O(n -1). Becauseofthespecialnature of this case we denote the space 2" (i) of S-dominant lexical weights by 2" +. We similarly have the space 2" _ of lexical weights with minimal signature ( -1, -1 We note that such an extended weight satisfies the inequalities (15) and hence is automatically lexical.
In terms of signatures, we note that the maximum Sp( 2) label ofEq. (25) where s = (SI" '" Sh) is the signature of the lexical weight (A,Ao). Thus if (A,Ao) is S dominant we have 
Ao,>Ar+ I >Ilr+ l ' 1 <r<h, so that ( ll.Ao) is also S dominant. Thus the maximum possible Sp(2) label for given ( ll.Ao) E !f + is given by 
Proof: From the proof of Lemma 1 we know that given ..1,0 as above, the maximum possible Sp(2} representation label occurring in ' Thus if \{I satisfies the conditions of the lemma it follows, from maximality of 0., that \{I can only belong to the irreducible Sp(n -2) xSp(2) module with the highest weight AoXn.
I
On the other hand, from Lemma 2, V(A.A o ) ~ V(A) is the unique irreducible Sp(n -2) XSp(2) module with highest weight Aoxn occurring in VeAl, from which the result follows.
Q.E.D. We are now in a position to prove Theorem 2 by recursion down the subgroup chain (30). By the inductive hypothesis we assume that the GT state obtained from the state (45) by omission of the top two rows constitutes an extremal canonical state of Sp(n -2) belonging to the irreducible Sp(n -2) module V(A h ). However, for Eh+ 1 = ± 1 the
spectively. Thus the conditions of the above corollary are satisfied, hence the GT state (45) constitutes a state in the Sp(n) module V(A h + I)' which is symmetry adapted to the subgroup chain (30) and whose G-representation labels are all maximal. This is enough to ensure that the state (45) determines a canonical state ofSp (n) (which is necessarily S dominant and G extremal), as required. This completes the proof of the theorem.
Theorem 2 shows that all G-extremal S-dominant canonical states belong to the space A (A) of allowable U ( n ) GT states. All remaining S-dominant canonical states may be obtained from the extremal states by application of raising or lowering operators from the subgroup G. On the other hand, Gould and Kalnins l6 have shown that the space of allowable U (n) G T states A (A) is stable under the action of the subgroup G. It follows that the space V + (A) of S-dominant canonical states is contained in the space A (A). In fact, we conjecture the result:
We note that the maximal state of the Sp(n) module V(A) is a G-maximal S-dominant canonical state and hence is represented by a U(n) GT state, as noted earlier. We conclude this section by showing that all basis states with weight Weyl group conjugate to the highest weight belong to the space ofG-extremal, S-dominant canonical states and hence are represented by U(n) GT states.
For each index m E {I, ... , h + 1} we may define the Sp(n -2) weight which is obtained from the Sp(n) maximal weight by omission of the mth component. Similarly, for each pair of indices l<m#k<h we have the Sp(n-4) weight (m<k, assumed)
More generally, for any set of k distinct indices 1<i 1 , ... , ik<h + 1 we have the Sp(n -2k) weightA(il'"'' i k ), which is obtained from the highest weight A by omission of the components i 1 ,i 2 , ... , i k • We note that the weight A (i!>" .. , i k ) constitutes the highest weight of an irreducible Sp(n -2k) module. (i1,i 2 which is W conjugate to the highest weight. More generally, the G-extremal states 1 (A) ). have weight
Now let
which is necessarily W conjugate to the highest weight L This shows that all (normalized) Sp(n) states with weight W conjugate to the highest weight are G-extremal S-dominant canonical states and hence, by Theorem 2, are given by (allowed) U(n) GT states.
The above results show that a relatively large class of states are simply represented by allowable U(n) GT states. This then enables us to determine the action of the elementary Sp(n) generators on such states by exploiting the known action of the U(n) generators on GT states.
VI. ACTION OF Sp(n) GENERATORS ON 5-00MINANT CANONICAL STATES
It is the purpose of this section to derive the matrix elements of the elementary Sp(n) generators (9) between Sdominant canonical states by exploiting the known matrix element formulas of the U (n) generators. This work, of interest in its own right, also serves the role of providing a detailed check on our later matrix element formulas to be developed for the Sp (n) generators between arbitrary canonical basis states.
We note that the elementary generators a~ -I, a~ _ 1 constitute the generators of the subgroup Sp(2) of Sp(n) I and hence their action on arbitrary canonical states 1 (A) ) w is easily determined from the known Sp (2) We recall that our Sp(n) generators a7 may be expressed in terms of the U (n) generators a ij according to (cf. Appendix A) where k is given by Eq. (7). In particular, we have the gener- 
Our analysis is simplified by noting that the Sp(n) generators
constitute the generators of a U (h + 1) subgroup of Sp(n = 2h + 2). Also, as seen from Eqs. (49) and (51) (49) and (51) and the matrix element formulas (50) and (52) (49) between S-dominant G-maximal states are given by +«A')la~5=: 1(,1» + = «A ')1 1351 (,1», (55) which may be obtained from the known 31 matrix element formulas of the U (h + 1) generators.
Similarly, with regard to the G-minimal S-dominant canonical states (38) which are given by the U(n) GT states I (A) _), we note that the U(n) generators a 2i _ 1.2j-1 always vanish on the GT states (38). Hence the action of the Sp(n) generators ( 48) reduces to the action of the U (n) generators -a 2j • 2i acting on the U(n) GT states (38). In this case we obtain immediately (cf. Appendix C) a~: :; : 
[cf. Eq. (55)], where the rhs is given by the known 30 U (h + 1) matrix element formulas.
In this way we may obtain the action of the elementary Sp(n) generators on G-maximal or -minimal S-dominant canonical states. The action of these generators may similarly be determined on arbitrary S-dominant canonical states by expressing these states in terms ofU(n) GT states [in accordance with Theorem 2] and using the known action of the U (n) generators. However, apart from the G-maximal and -minimal cases discussed above, this approach generally results in a linear combination ofU(n) GT states which do not correspond to S-dominant canonical Sp(n) states, so that direct comparisons with our symmetry adapted formalism will be difficult. We shall not pursue this line of thought any further here since an alternative method for obtaining these matrix elements between arbitrary canonical (not necessarily S dominant) states will be developed in the subsequent papers of the present series.
VII. CONCLUSIONS
We have shown that every irreducible finite-dimensional representation of the symplectic group Sp(n) admits a relatively large number of states, herein referred to as canonical states, which possess properties analogous to the GT states for the orthogonal and unitary groups. In particular, the space of canonical states contains all distinct weights of the representation at least once. Moreover, in the S-dominant case it was shown that every G-extremal canonical state is given simply by a U (n) GT state and that the space of Gextremal S-dominant canonical states contains all states with weight Weyl group conjugate to the highest weight.
By exploiting the known action of the U(n) generators on U(n) GT states, the matrix elements of the elementary Sp(n) generators between G-maximal or -minimal S-dominant canonical states were determined. Unfortunately, however, this method is difficult to extend to the general canonical states and moreover, the structure of the matrix elements (as a product of a reduced matrix element and a Wigner coefficient) is not apparent in this approach. This deficiency will be removed in a subsequent paper, where an alternative direct evaluation of the Sp(n) generator matrix elements between arbitrary canonical states will be given. The results of this paper will then provide a useful check on our later matrix element formulas.
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APPENDIX A: COMMUTATION RELATIONS
In the opposite index notation of Eq. (7) our Sp(n) metric may be expressed as ;;;i.;;;n, where all other entries are zero. Thus for our Sp(n) We thus obtain, in particular, ) which is the symmetry condition ofEq. (6). Finally, we note that the Sp (n) commutation relations (5) may be expressed in opposite index notation according to [a;,an =8ja; -8;aj-(_1) i+i(8fa~ -8~a1), as may be readily verified using Eq. (AI).
APPENDIX C: MATRIX ELEMENTS
APPENDIX B: REPRESENTATION THEORY OF Sp(2)
TheSp (2) generatorsr~ (l';;;lt,v.;;;2) In the dual-pattern notation of Eq. (20), the nonzero matrix elements of the U(n) generator a 2m _ 1,2m + I between allowed G T states are given by (C1) where, in the notation of Gould, 30 
where we note that the U(n) GT states on the rhs have maximal lower (/-t) patterns and hence represent G-maximal Sdominant symplecdc group states, as required. 
with (A) S dominant, is invariant under the action of the U(n} generators G'u _ 1.2j-I (1<;i,j<;h + 1). Since the even U(n) generators "U.2j (1 <;i,j<;h + 1) vanish on the states (C5), this implies that the above space of states is stable under the action of the Sp(n) generators a~;=:, i.e., the space of G-maximal S-dominant canonical symplectic group
